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I. REVIEW OF THE LITERATURE 
Since the latter portion of the nineteenth century many types of 
machines which use parts that rotate at high speed have been developed. 
Steam and gas turbines are examples of such machines. Prioi to the 
development of such machines little had been attempted in the matter of 
evaluating the stresses in rapidly rotating masses. The more than occa­
sional failure of turbine disks and grinding wheels, many times with 
disastrous results, led investigators to attempt solutions for various 
phases of the rotating disk problem. 
In 1895 C. Chree (4) published his classic solution for the stresses 
in a rotating ellipsoid. His motivation, however, was an interest in the 
effect of rotation on the various planets such as the earth. Included in 
his work is the solution for a flat disk spinning about its own axis; he 
demonstrated that the error introduced in the stresses is of the order of 
five per cent when a thin ellipsoid is substituted for a flat disk having 
the same overall dimensions. 
In the early part of this century Donath (5) and Stodola (19) 
presented solutions for rotating disks having various profiles. Donath 
suggested an approximate solution for the conical disk by using a series 
of flat annular rings each of different thickness in order to approximate 
the conical shape. Stodola gave the solution for a disk where the thick­
ness varies as some power of the radius; 
h = krs 
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where the exponent s is any real number. These solutions are valid for 
disks having central holes as well as for solid disks. 
Stodola also pointed out that, for any given disk, the magnitude of 
the stresses throughout the disk is proportional to the square of the 
rotative speed, and that, "with constant peripheral velocity, both axial 
and radial dimensions of a wheel may be increased or decreased, either 
separately or in any independent ratio, without in any way changing the 
specific stresses at similarly situated points". This principle is of 
particular significance in the case of a conical disk, for, when the solu­
tion is based on a "complete disk", that is, one with the faces extended to 
form a knife-edge periphery, the solution is independent of the degree of 
taper, provided the knife edge diameter is maintained. A word of caution 
should be injected here, for the principle stated above is based on the 
assumption that the axial stresses are negligible. These stresses become 
more and more significant as the thickness of the disk is increased. 
Because of several factors involved, namely the Poisson ratio, the degree 
of hub restraint, and the thickness itself the axial stresses are not 
independent of the thickness of the disk. These axial stresses will, in 
the case of a very thick disk, affect the other stresses. 
Gramme1 (7) has shown that Donath's approximate solution for a conical 
disk, mentioned above, can be extended to a disk having an arbitrary 
profile. 
In 1923 Martin (13) presented a solution for the conical disk. His 
solution is actually a superposition of three separate solutions. In each 
of these solutions the given disk is replaced by one having the same taper 
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and thickness but whose faces are extended inward and outward to form a 
solid conical disk having a sharp edge at the periphery. The first of 
these three solutions is for the stresses due to the centrifugal effects 
in this new solid disk. The second solution is for the stresses produced 
by a uniform load of one pound per linear inch applied outward along the 
outer knife-edge boundary. The third solution is for the stresses produced 
by an infinite outward pressure applied inside an infinitesimal hole at 
the axis of the disk; these stresses are everywhere finite. The solution 
for the given disk is obtained from a linear combination of these three 
solutions; the coefficients for this combination are determined from the 
known boundary conditions on the original disk. Martin's solution is 
employed later in this thesis as one oZ the steps-in the solution for the 
stresses in a tapered disk having a ring of symmetrically spaced noncentral 
holes. 
In cases where the disk is solid, or has a very small central hole, 
or where the edge of the disk extends to a sharp or nearly sharp edge the 
convergence of the two series used in Martin's solution is very slow. 
Bisshop (3) by employing a change of variable, 
c  =  1
- f  
= 1 - x 
where r is the radius to the element in question and R is the radius to 
the theoretical sharp edge periphery, and, by introducing a logarithmic 
solution, obtained a set of four series which converge much more rapidly. 
Bisshop suggests approximating a disk of arbitrary profile by means of a 
series of concentric annular rings, each having conical taper. Both Martin 
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and Bisshop provide tables of coefficients by means of which specific 
solutions for simple conical discs are accomplished quite rapidly. 
Lee (10) has developed an interesting solution for the case where the 
disk has a profile of the form 
h = Ce^  
where h is the thickness at radius r, e is the base of natural logarithms, 
and the other symbols represent appropriate constants. ~ 
Kumar and Joga Rao (9) employed Stodola's solution for disks having 
a profile of the form 
h = krs 
to investigate the stresses around a central hole in such a disk. Their 
solution is based on a parameter a, where a is the ratio of the outer 
radius to the inner radius of the disk. Their results confirm the fact 
that as s becomes an increasingly large negative number the stresses 
around the central hole decrease. 
In 1938 Mindlin (14) solved the problem of an eccentrically rotating 
disk of constant thickness using bi-polar coordinates. In 1949 Udoguchi 
(21) presented a paper on the analysis of centrifugal stresses in a 
rotating disk containing an eccentric hole; he also employed bi-polar 
coordinates. In 1954 Saito (18) solved the problem of a uniform circular 
disk having symmetrically placed noncentral holes. His method was to use 
many sets of polar coordinates and derive a stress function on the assump­
tion that all free boundaries have no externally applied stresses. 
Manson (11, 12) employed the method of finite differences to solve 
various types of disks used in aircraft gas turbines. This work includes 
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the effect of temperature upon the various constants of the material as 
well as upon the strain itself. His work includes analyses of solid disks, 
disks with central holes, disks having shrink fits, and composite disks 
made up of a rim welded to a web in such a manner as to partially offset 
thermal stresses. All of his disks had what could be considered arbitrary 
profiles. During welding the webs of the composite disks were chilled 
and the rims heated. When the disks were finished they were thus pre-
stresses, the rims being in tension and the webs in compression. Under 
operating conditions the algebraic sum of the initial stresses, the thermal 
stresses, and the centrifugal stresses had been minimized. 
There have been numerous experimental studies on circular disks con­
taining noncentral holes, most of these involving photoelastic analyses 
in conjunction with stress-freezing techniques. Prominent among these are 
those by Hetenyi (8), Barnhart et al (2), and Newton (16). These inves­
tigators all mounted their disks on face plates using pins or bolts passing 
through holes in the disk to provide the turning moment. The present 
writer found that spinning a disk in this manner produces a stress pattern 
quite different from that produced when the disk is held and spun by 
means of a central shaft. For instance Newton passed rubber-padded bolts 
through three of six noncentral holes. He obtained three inboard isotropic 
points each of which was radially in line with the center of an undisturbed 
hole. However, in the case where all six holes are undisturbed, there are 
six inboard isotropic points each lying on a radius between the noncentral 
holes and in line with a similar outboard isotropic point. This is shown 
clearly in Figures 9 and 12. 
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Nearly all rotating disks are mounted on shafts, not on face plates. 
Even the solid disk used in many turbines is essentially shaft mounted; 
the small flanges to which the disk is bolted are not much larger in 
diameter than the shaft itself. In nearly every case where the disk 
contains one or more holes it is mounted on a continuous central shaft. 
It therefore appears more realistic to spin the disk by means of a central 
shaft in any experimental analysis of such a disk. 
In 1906 Nikola Tesla developed the Tesla turbine (17, pp. 218-228). 
The principal feature of this turbine is a series of closely spaced 
perforated disks which of necessity rotate at extremely high speed. After 
disassembly some of his turbines showed severe warpage of these disks. 
Such warpage indicates that at least part of the disk underwent plastic 
flow. It is interesting to note that in spite of such plastic flow none 
of Tesla1s disks experienced complete failure. Weiss and Prager (22) 
have shown analytically that such plastic flow begins at the inner radius 
of a rotating annular disk and progresses outward, and that at any stage 
in the development of the elasto-plastic system, the system itself is 
essentially stable, requiring additional rotative speed to produce further 
progression of the plastic region. 
The writer (1) in 1951 built a Tesla turbine with modifications to 
provide a taper on each perforated disk. This turbine was ineffective, 
but there was no distortion of the tapered disks used in it. This type 
of disk provides the problem under consideration in this thesis. To date 
the problem of a rotating disk having both taper and noncentral holes has 
not been adequately solved. 
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In this thesis a practical method for computing stresses in a 
tapered disk with noncentral holes is developed. Several refinements are 
suggested and can be employed where necessary. The differential equation 
for the exact solution is developed and presented in the Appendix. This 
equation has a different form from that usually encountered in disk prob­
lems because of the presence of shearing stresses. These shearing stresses 
and their effects were included in all steps of the development. 
Photoelastic stress analyses were made on several plastic disks 
using stress freezing techniques. For some of these disks too high a 
rotative speed was employed and failure occurred as shown in Figures 7 
and 8. The resulting fractures were used to locate regions of critical 
stress, however, and thus served a very useful purpose. One of the tapered 
disks for which a successful fringe pattern was obtained was chosen as 
more or less typical, and, along a radial line thru a noncentral hole, a 
comparison of its actual stresses as determined by the photoelastic 
analysis with those based on the method of solution developed herein was 
made. Very good agreement was noted between the two sets of stresses, 
particularly at points of highest stress. 
A similar analysis and comparison was made for a disk of uniform 
thickness which also contained a set of symmetrically spaced noncentral 
holes. Here too the agreement between the computed stresses and those 
determined by photoelastic analysis was good. 
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II. APPROXIMATE THEORETICAL SOLUTION FOR A 
TAPERED DISK WITH NONCENTRAL HOLES 
In this analysis the following assumptions concerning the disk and 
its material are made. 
1. The material obeys Hooke's law, i.e., the proportional limit is 
nowhere exceeded. 
2. The material is homogeneous. 
3. Except for the holes the thickness of the disk is a function of 
the radius only. 
4. The disk revolves about its own axis and is essentially sym­
metrical with respect to that axis. 
5. The disk is symmetrical with respect to its own plane; this 
eliminates bending moments about the plane of the disk. 
6. The effect of gravity is neglected and there are no load com­
ponents perpendicular to the plane of the disk. 
7. The disk is relatively thin; the stresses parallel to the axis 
of rotation are considered negligible. 
Except for practical considerations no restrictions are imposed on 
the profile form of the disk. However, a relatively large overhanging rim 
on the face of the disk, not on the edge, even if symmetrically balanced, 
will create bending moments, and any disk containing such rims should 
probably be analyzed by some other method. 
As is mentioned in the section on Experimental Procedure some of the 
disks in the experimental runs failed. Figure 7 shows the failure cracks 
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in a disk with negative taper. It is an almost obvious conclusion that 
failure of such a disk will initiate at the central hole. The uses of 
such a disk are very limited, and any analysis which determines the 
tangential stresses at the central hole is probably adequate for a nega­
tively tapered disk. For this purpose consideration of the filled disk 
alone gives very nearly the stress at the central hole unless the non-
central holes are close to the center. Principally because drilling such 
holes removes inefficiently utilized material, a disk with negative taper 
is actually strengthened a little by introduction of holes relatively 
near its periphery. 
In a uniform disk having noncentral holes failure will most probably 
initiate at the boundary of one of the holes on a radial line passing 
through a noncentral hole. The precise point of initial failure is 
dependent on the relative size and location of the holes themselves. In 
general a uniform disk has less tendency to initiate failure at the central 
hole than one with negative taper, but more tendency than a disk with posi­
tive taper, all disks having the same hole plan. Figure 8 shows the 
failure crack in a disk with positive taper. The crack initiated at the 
outboard edge of the noncentral hole. This disk is essentially the same 
as the tapered disk analyzed here. It will be shown that this initial 
failure is predicted by the results of the analysis. 
It should be possible to design a disk containing a symmetrical set 
of holes such that, at the three types of points where critical stresses 
are apt to occur, the stresses are essentially equal. In order to design 
such a disk one must have a reliable and relatively easy method of solving 
10 
for the stresses along a radial line through a noncentral hole. Such a 
method is developed here. 
Consider any tapered disk having symmetrically spaced noncentral holes. 
One first obtains the solution for the "filled disk", that is, a disk 
similar to the given disk but having all noncentral holes filled in with 
the same material as that in the disk. Such solutions are available in 
the literature and are discussed in the preceding chapter. For an arbi­
trary disk profile where the exact solution does not exist, various 
approximate solutions are available; most of these consist of approxi­
mating the filled disk by means of a series of annular rings, each ring 
having uniform, conical, parabolic, or hyperbolic profile. Timoshenko 
(20, p. 70) recommends using either hyperbolic or parabolic profiles in 
such a case. 
Having obtained the solution for the filled disk, the "spoke effect" 
is next employed. This is a concept introduced, it is believed, for the 
first time here. The spokes, or regions between the holes, are under 
somewhat higher stress than the corresponding material existing in the 
filled disk. This means such material will experience greater strain than 
that in the filled disk. Because the inner portion of the disk is rela­
tively more rigid, most of this additional strain is transmitted to the 
outer portion of the disk. 
There is, of course, some degree of stress concentration in the 
spokes, and there is a very small amount of outward bowing, or arching, 
of the material outboard of the holes. The stress concentration in the 
spokes makes it appear reasonable to consider a substitute spoke having a 
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constant cross section equal to the minimum of the actual spoke area and a 
length equal to the diameter of the noncentral holes. The stress in the 
substitute spoke is computed on the basis of the areas involved. 
ssp -  ^ (D 
sp 
where A is the gross circumferential area at the radius of the hole circle 
g 
in the filled disk, A is the area of the substitute spoke, and G""' , is 
sp rh 
the radial stress in the filled disk at the radius of the hole circle. 
The increase in total strain of the substitute spoke over that in the 
corresponding material in the filled disk is determined by 
<$.£h fâa-i] i (2) 
Asp > s? 
This additional extension is applied to the outboard portion of the 
given disk as a uniform strain according to thin ring theory. Thin ring 
theory is justified here because the slight arching over the holes tends 
to offset the variation in stress which would be obtained on the basis 
of thick ring theory, also the spoke effect correction, though necessary, 
is of a comparatively small magnitude and thick ring theory is an unneces­
sary refinement. The writer recommends that the spoke effect extension 
be applied co the basis of the average radius of the outer annulus. 
Thin ring theory neglects the effect on the radial stresses, so 
the spoke effect correction is added to the tangential stresses only as 
a constant: 
6©c = A E • (3) 
Er1 ave 
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The final step in the solution is to apply appropriate stress con­
centration factors for the type of noncentral hole occurring in the disk. 
As the variation in thickness has already been accounted for in the initial 
calculation, these factors should be based on an infinite plate of uniform 
thickness. One must apply the appropriate factors to both the tangential 
and the radial stresses which have been determined for the filled disk. 
One should note that at the inner and outer boundaries of the disk the 
radial stresses have known values. The final calculation of these stresses 
should include the slight local adjustments necessary to bring such stresses 
to their known boundary values. 
As an example to illustrate the method, consider a tapered disk of 
epoxy resin having a specific gravity of 1.10. The pertinent dimensions 
are given in Figure 1, and the speed of rotation is 2670 rpm. 
The stresses in the filled disk were obtained using Martin's solution 
(13). Table 1 gives Martin's coefficients, corrected as of May, 1923. In 
this table the writer has inserted two lines obtained by graphical inter­
polation which were used in his solution. 
The stresses in the complete disk due to centrifugal effects only 
are found by use of columns p' and q'. At the inner radius 
r = 0.259 in 
x = £. = 0*259 = 0.0761. 
R 3.40 
From the table 
(4) 
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Since 
P = 1,10 x 62,4 slugs per ft3 
X 19 9 32.2
rpm = 2670 
0  =  6 . 8 0  
we have then 
T _ 1.10 x 62.4 / 6.80 \ 2 / 2670 \ 2 
32.2 x 7.62 I 10 I V 100 / 
= 92.0 psi. 
At the inner radius of the given disk the centrifugal stresses in the com­
plete disk are 
p = T(0.1731) 
i 
= 92.0(0.1731) 
= 15.92 psi. 
At the outer radius of the given disk 
x = 3.08/3.40 
= 0.908, 
and 
pc = 3.76 psi 
o 
qc = 9.86 psi. 
o 
It is necessary to bring the values of pc and pc to the known 
boundary values of the given disk; in this case both are zero. This is 
done by a linear combination of the and P^  stresses obtained from the 
table. Such a combination must satisfy, in our case, 
14 
0.740 D., 
6 HOLES 
EQ. SP. 
0.518 D. 
S,80 (REF.) 
6,)6 
A 
00 
« 
O 
Figure 1. Detail of tapered disk with noncentral holes. 
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Table 1. Coefficients for stresses developed in complete disk by 
different methods of loading.a 
Stresses due to 
centrifugal 
effects only, 
psi 
Pc = qc = 
Tb x p1 Tb x q' 
Stresses due to 
a 1 lb pull per 
linear inch 
applied outward 
at the knife 
edge periphery 
Stress coefficients 
due to an infinite 
pressure inside of 
an infinitesimal 
central hole 
P2 ,q2 
0 0.1655 
0.05 0.1709 
0.0761c 0.1731 
0.10 0.1753 
0.15 0.1782 
0.20 0.1794 
0.25 0.1785 
0.30 0.1761 
0.35 0.1734 
0.40 0.1694 
0.45 0.1635 
0.50 0.1560 
0.55 0.1466 
0.60 0.1355 
0.65 0.1230 
0.70 0.1094 
0.75 0.09558 
0.80 0.08055 
0.85 0.06336 
0.90 0.04425 
0.908c 0.04087 
0.95 0.02315 
1.000 0 
0.1655 1.435 
0.1695 1.497 
0.1711 1.529 
0.1727 1.559 
0.1752 1.627 
0.1768 1.707 
0.1773 1.796 
0.1768 1.898 
0.1758 2.015 
0.1739 2.151 
0.1712 2.311 
0.1676 2.501 
0.1631 2.733 
0.1580 3.021 
0.1520 3.390 
0.1451 3.860 
0.1371 4.559 
0.1285 5.563 
0.1189 7.263 
0.1090 10.620 
0.1072 11.45 
0.0977 20.645 
0.0890 Oo 
1.435 Oo 
1.475 -273.4 
1.497 -117. 
1.518 - 66.62 
1.565 - 28.68 
1.617 - 15.54 
1.674 - 9.553 
1.738 - 6.371 
1.809 - 4.387 
1.890 - 3.158 
1.983 - 2.328 
2.090 - 1.743 
2.217 - 1.309 
2.369 - 0.9988 
2.556 - 0.7523 
2.794 - 0.5670 
3.111 - 0.4161 
3.557 - 0.2971 
4.263 - 0.1995 
5.554 - 0.1205 
5.82 - 0.1101 
8.890 - 0.0555 
Oo 0 
aTaken from reference 13, page 630. 
"
T = Z(T5>2 (fo!)2 1 z ° 2 4 ~  •  
V. St 
D^etermined by graphical interpolation. 
oO 
288.6 
125. 
77.28 
36.55 
21.91 
14.88 
10.89 
8.531 
6.915 
5.788 
4.944 
4.301 
3.816 
3.419 
3.102 
2.835 
2.614 
2.421 
2.263 
2.243 
2.140 
2.051 
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(Pli)A + (P2i)B = - 15.92 
(Plo)A + (P2o)B = - 3.76 . 
Substitution from the table gives 
1.529A - 117B = - 15.92 
11.45A - 0.1101B = - 3.76 . 
Then 
A = 0.327 
B = 0.1318 . 
The actual stresses at any point in the filled disk are then 
p = Tp1 + Ap^  + Bp2 
= 92.0(p') + 0.327p1 + 0.1318p2 (5) 
q = Tq1 + Aq^  + Bq2 
= 92.Op' + 0.327q1 + 0.1318q2 . (6) 
The calculated stresses in the filled disk for this case are shown in 
Figure 2. 
The spoke effect is now calculated. For this disk 
s = 1,85 h x 12.9 
8P 1.11 h 
= 1.67 x 12.9 
<S = (1.67 _ 1X0.74) 
= 6.40 
E 
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The average radius of the outer annulus of the disk is 2.61 inches, then 
<rl = ÂJLE 
ec Er' 
ave 
_ 6.40 x E 
E x 2.61 
= 2.44 psi. 
In the example here this was rounded to 2.4 and added to the tangential 
stresses outboard of the noncentral holes. 
Appropriate stress concentration factors, in this case based on a 
circular hole in a large uniform plate, are applied to the stresses 
thus far obtained. Barnhart al^  (2, p. 48) give these relations: 
= 1^ + y (Sj_ + Sg) — + J (S^  - Sg) (7) 
2 4 2 
Cr = s2 " J + Sg) ~2 ~ J - Sg)  ^ - Sg) ~2 (8) 
where 
a = radius of hole 
r = distance from center of hole 
- tangential stress in undrilled disk 
gg = radial stress in undrilled disk. 
As previously mentioned, at the central hole and at the periphery the 
radial stress is, in this case, arbitrarily brought to zero to fit the 
known boundary conditions ; this is a relatively small local adjustment. 
The stresses resulting from these calculations are shown by the 
dashed curves in Figure 13. A similar set of curves calculated for a 
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uniform disk of the same material and having essentially the same hole 
plan is shown in Figure 14. 
A numerical integration of the calculated stresses over the radial 
area of the tapered disk yielded a total force of 16.78 lb, as compared 
with 16.80 lb from a similar integration for the filled disk. This close 
agreement is to be expected since the stress concentration factors merely 
redistribute a given total force over a new area. One significant point 
which this method does not take into account is the reduction in the 
total force due to the loss of centrifugal force with removal of the hole 
material. This will be discussed in Section V. 
19 
32 
24 
2.0 
16 
K 12 
e 
4 
1,0 o.e 0.4 o 
x = 
Figure 2. Stresses in a tapered disk containing only a central hole. 
20 
III. EXPERIMENTAL PROCEDURE 
Several disk models of Bakelite ERL 2795 epoxy resin cured with 
ZZ-L-0814 were made and spun in a stress freezing oven. The resulting 
"frozen stresses" were then studied under*polarized light using techniques 
which are standard procedure in photoelastic analysis (6). 
The stress freezing oven used in these experiments was essentially 
a wooden box approximately eighteen inches long, fifteen inches deep, 
and fifteen inches wide. It was lined with aluminum sheet 0.040 inches 
thick. The purpose of this aluminum sheet was mainly to help minimize 
temperature differentials in the box and thus protect the wood from any 
hot spot which might form under some conditions. Inside of this 
aluminum sheet was a 5/8 inch layer of asbestos compound, and inside 
this a layer of aluminum foil. When a 1000 watt heater was used the 
unpainted box would reach a temperature of 250°F in about fifteen 
minutes. After the box was painted a pale green the same temperature 
was reached in only ten minutes. A steel oven of comparable size 
required nearly two hours to reach this temperature when the same 1000 
watt heater was used. The effectiveness of the insulation for the 
wooden oven is quite apparent. 
The top of the oven was removable. To this top were fastened the 
metal frame used to hold the lower ball bearing for the shaft and one 
end of the calibration member, the 1000 watt Chromalox heating unit, and 
the copper-constant&n thermocouple. 
The disk model was secured near the lower end of the shaft by means 
of spring loaded collars. The spring was necessary because of the tendency 
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of the disk to loosen completely when heated. An inch or so above the 
location of the disk a small fan was mounted on the shaft to insure ade­
quate circulation of the air within the oven. The shaft on which the disk 
and fan were mounted extended up through a second ball bearing on the 
cover and carried a cone pulley on the upper end. A one-quarter horse­
power squirrel-cage motor drove the shaft assembly by means of a light 
weight V-belt. 
The heating and cooling of the oven was controlled by a unit designed 
and installed by Minneapolis-Honeywell, Inc. The principal features of 
this were numbered; these numbers show in the photographs of the equip­
ment, Figures 3 and 4. Item 1 is a Brown Electronik recording potentiometer 
having a range of 50°F to 350°F. It was calibrated at the factory for a 
copper-constantan thermocouple and was rechecked by the factory service 
man immediately prior to the runs described herein. Item 2 is the control 
center containing the power switch to the heater itself, a reset rate 
control which determines the frequency of heating pulses, a proportional 
band control which determines the percentage of time of the heating 
pulse to the total reset time when equilibrium is reached in the oven, 
and an overriding manual heat control switch. Item 3 is the program 
start switch. 
Items 4 and 5 are, respectively, the heating and cooling rate controls. 
These both have a temperature rate range of from 0°F to 5°F per hour. 
When necessary these controls can be overridden manually by moving the 
upper indicator on the potentiometer to the desired temperature. For 
instance, during the heating portion of most of the runs the upper 
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indicator was set only two or three degrees below the soaking temperature. 
This caused the heating element to remain fully on until the indicated 
temperature was reached, after which the automatic controls took over. 
Item 6 is the soaking timer relay which could be set for any soaking 
period up to 480 minutes by turning the central knob on the timer. 
The 1000 watt Chromaiox heating element extended downward into the 
oven. A separate cable led from the head of this element to a switch by 
means of which the heating power could be reduced to 500 watts. This 
feature was especially useful during the cooling phases, as 500 watts 
was adequate to maintain temperature, and it was thought unwise to leave 
the full 1000 watts unattended overnight. 
In order to insure recording and controlling the temperature at the 
disk, the tip of the copper-constantan thermocouple was mounted at the 
level of the disk itself; this overcame any temperature variation caused 
by an elevation difference. The circulating fan mentioned previously 
was used to minimize all temperature differentials within the oven. 
Each calibration member was designed to be loaded in direct tension. 
During any specific run the lower end of the calibration member was 
secured to the frame inside the oven. The upper end of the member was 
loaded by means of a very light steel cable passing out the top of the 
oven, over two ball bearing pulleys to a hook from which the calibration 
load was hung. This cable and its fittings were balanced so as to have 
zero tare, thus the calibration load was the actual load on the member. 
The load itself consisted of a small metal can filled as required with 
lead shot. 
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The speed of the shaft assembly was determined by means of a General 
Radio Company Strobotac. This unit has a low range of 600 to 3700 rpm 
and a high range of 2400 to 14,500 rpm with separate adjustments for each 
range. 
Each disk was machined on a Gorton Pantograph router; a Palmgren 
adjustable rotating head was used to mount the disk during machining. 
The protractor on this head is large enough to permit estimating tenths 
of a degree, if necessary. 
The holes were cut using a two edged hole cutter which produced much 
smoother holes than could be obtained with a drill. The edge of the disk 
was machined with a 0.250 inch fluted router bit. At two points diamet­
rically opposite each other on the edge of the disk "zero fringe pro­
jections" were left. These are sharp corners about 1/16 inch high formed 
by the radius of the 1/4 inch cutter. One or more of these projections 
are visible in each disk photograph. As can be seen in Figures 9 and 12, 
these projections do not perceptibly affect the fringe pattern of the 
disk, even in the immediate neighborhood of such a projection. 
The taper on the face of the disk was cut by tilting the Palmgren 
head an appropriate amount then rotating the head, with the disk mounted, 
under an end mill. Figure 5 shows the general set-up for machining such 
taper. The calibration members were also machined on the same router, 
each member being cast from the same mixture of resin as the disk with 
which it was used. 
The disks and calibration members were cast in aluminum molds using 
ordinary paste wax as a mold release. Bakelite ERL 2795 cured with 
Figure 3. Experimental equipment showing details of the top of the oven. 
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Figure 4. Experimental equipment with oven closed and ready for running. 
The Strobotac appears to the left of the oven. 
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> 
Figure 5. Router with disk mounted for machining taper. 
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Bakelite ZZL-0814 was the type of plastic used. For commercial molding 
purposes the manufacturer recommends 25 parts by weight of ZZL-0814 to 
100 parts of ERL 2795. A few models were made using this ratio. Most 
of these failed when rotated at the soaking temperature of 255°F and at 
speeds of 1720 to 2700 rpm; see Figures 7 and 8. The mixture ratio was 
then changed to 40 parts by weight of ZZL-0814 to 100 parts of ERL 2795. 
For stress freezing purposes this latter ratio is much better than the 
former; the higher proportion of curing agent gives models which are 
noticeably stronger at the elevated temperatures required for such an 
analysis, in this case 255°F. 
For an actual experimental run a disk was mounted on the shaft, 
and the calibration member was mounted in its place and loaded. Figure 3 
is a photograph showing the arrangement of the various components with 
respect to the top of the oven. After the oven was closed and fastened 
with screws, the motor and belt were mounted and the motor started. 
Figure 4 shows the equipment assembled and ready for an experimental run. 
The strobotac appears to the left of the oven in this photograph. The 
power supply and program controls were turned on after having been set 
to provide the following cycle: 
1. Heating to 255°F, about 15 minutes 
2. Soaking at this temperature, 120 minutes 
3. Cooling to room temperature, 5°F per hour. 
During the cooling portion of the cycle the cooling rate was manually 
increased to about 10°F per hour during periods when the equipment was 
being attended. As the complete cycle is essentially automatic it was 
31 
not necessary for an attendant to be on hand overnight, particularly 
after the power to the heating element had been cut to 500 watts. After 
the run, when room temperature had been reached in the oven, the equip­
ment was shut off and the disk and calibration member removed from the 
oven. 
Both specimens were then given a light coat of rose oil and the 
fringe patterns of each photographed, using monochromatic (green) light, 
in the polariscope. The isoclinic pattern for the disk was then traced 
manually, using white light, with the quarter-wave plates of the polari­
scope removed from the optical system. Figure 11 shows the isoclinic 
pattern for the disk whose fringe pattern is shown in Figure 9. The 
fringe pattern of the corresponding calibration member is shown in Figure 
10; the fringe order at the center of this member was determined to be 
7.20 by rotating the analyzer of the polariscope. In order to determine 
the fringe order at the central hole of the disk, where the collars had 
scored the plastic, the center of the disk was polished very lightly 
using No. 240 grit emery cloth. After light oiling the fringe pattern 
was again viewed in the polariscope; a fringe order of 17.0 was deter­
mined for the disk of Figure 9 at the edge of the central hole. 
Figure 6. Typical disk specimen with its calibration member. 

Figure 7. Disk with negative taper showing failure cracks which 
originated at the central hole. 

Figure 8. Disk with positive taper showing a failure crack extending 
outward from the hole on the right. 
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Figure 9. Frozen stress pattern for a disk with positive taper. 

Figure 10. Frozen stress pattern in the calibration member for the 
disk of Figure 9. 
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a. /SQCL/NfCS b. STRESS TRAJECTORIES 
CrCUPtC POINT 
Figure 11. Isocllnlcs and stress trajectories for the disk of Figure 9; 
scale is twice actual size. 
Figure 12. Frozen stress pattern for a uniform disk. The firrt fringe 
order can be seen on the projection on the lower right hand 
edge. 
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IV. ANALYSIS OF PHOTOELASTIC DATA 
Of the several disks tested the one described in Section II was 
also analyzed photoelastically and the results compared with those from 
the approximate theoretical analysis. The method of analysis is presented 
below. 
From the calibration member the fringe value of the material was 
determined by (6, p. 161) 
= 2dn • <»> 
For the disk in question the value was 
f = 4.00 
2 x 0.500 x 7.20 
= 0.555 psi shear per fringe inch. 
At various stations in the disk along a radial line through a noncentral 
hole, the values of - 6"^ . were determined by 
which is essentially Equation 9 rearranged. At the edge of the central 
hole, for instance, 
- G~r = % 
2 18 x 0.555 
0.61 
= 32.8 psi. 
The values of 6© - 6^  were plotted and are shown in Figure 13. 
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It was next necessary to "separate" from (T" for the disk. To 
accomplish this the slope-equilibrium method described by Frocht (6, p. 215) 
2 
was used, except that the body force term tçlù had to be included in the 
calculations. At the free boundaries, along a radial line of symmetry 
through a noncentral hole, one then has 
àCTr = Ge - <Tr _  ^ (10) 
c)r r 
The slope of the curve at the four boundary points were then 
determined. 
At the cupic points which are determined from the isoclinic pattern, 
Figure 11, the relationship 
= - r(3u)2 (11) 
c) r 
must hold. 
From these slopes the 6"^  curve was sketched, and, using the 
relationship 
= (cre - <rr) + crr, (i%) 
the <y& curve was also sketched. 
It is next necessary to check the curve by integrating these 
stresses numerically over the radial area on which they act. The resulting 
force plus the centrifugal effect from the missing hole material should 
check the results of a similar integration over the radial area of the 
filled disk. Should the results not check the 6% curve must be raised 
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or lowered until such forces do check, after which the (5^ , curve is 
shifted to agree. 
Figure 13 shows the curves as determined for the tapered disk ana-
lized here; the corresponding stresses calculated by the method of 
Section II are also shown. Figure 14 shows the results of a similar 
analysis of a uniform disk with holes. 
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Figure 13. Stresses in a tapered disk with holes. 
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Figure 14. Stresses in a flat disk with holes. 
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V. DISCUSSION OF RESULTS 
The concept of the "spoke effect" allows one to obtain realistic 
stress values in the outer annulus of a perforated disk. Without con­
sidering such an effect, even though stress concentration factors are 
employed, the calculated values of the tangential stresses fall con­
siderably below their actual values. 
The numerical integration of the theoretical tangential stresses over 
the radial area of both the tapered disk and the uniform disk yielded 
forces which were high in comparison with similar forces obtained from the 
photoelastic analysis. This apparent discrepancy is seen in the graphs of 
Figures 13 and 14 and is of the order of ten per cent. Actually the 
explanation is relatively simple; these differences are due to the 
smaller centrifugal forces in the disks with the holes. For the tapered 
disk this force was 1.22 lb and for the uniform disk 0.70 lb. These 
values, when added to the respective photoelastically determined tangen­
tial stresses, cause the forces from these stresses to check almost 
exactly the tangential forces from the filled disk. 
A refinement in the approximate theoretical analysis would be to 
distribute this missing centrifugal force component in some appropriate 
manner over the computed tangential and radial stresses. As the stresses 
are in very good agreement at the critical points this distribution 
should be made in a manner which will not disturb these stresses, probably 
in direct proportion to the computed radial stresses, which are zero at 
the critical points. 
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In view of the very good agreement between the calculated and actual 
stresses at the critical points and since the other stresses are well 
below these critical values, it is felt that such a refinement is, in 
most cases, unnecessary. 
This relatively easy method for calculating stresses at critical 
points in a disk with holes appears to be straightforward and reliable. 
The agreement of the tangential stresses at other points along the 
critical radius is fairly good. Usually these stresses will not be 
critical, and the more-or-less minor discrepancies can be tolerated. 
Using the method presented here it is possible to design quickly a 
tapered disk having a symmetrical set of holes arranged so that the tan­
gential stresses at the central hole and the two critical points at the 
noncentral hole are essentially equal. 
While the radial stresses in the spokes between the holes were not 
analyzed, these are, in general, lower than the tangential stresses at 
the critical points mentioned above, as can be seen in the photoelastic 
fringe patterns of Figures 9 and 12. 
An interesting application of these results would be in aircraft 
turbine disks. Introduction of holes in such disks would accomplish 
three things, namely: 
1. Reduce weight. 
2. Allow the outer annulus to experience more freedom under the 
combination of temperature and centrifugal effects. 
3. Allow the inner portion, or hub, to operate at a lower tempera­
ture because of the steeper temperature gradient in the spokes. 
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A word of caution must be inserted here. Concerning item 2, above, one 
does not desire complete freedom of the outer annulus, but it is necessary 
to provide some means of reducing the buckling tendency of the rim due to 
the compression component caused by high temperatures. One method of 
doing this in the past (11, 12) has been by making the disk in two 
pieces, an outer rim and a web or hub, which are welded together while 
the hub is chilled and the rim is heated. The composite disk is thus 
pre-stressed in such a manner as to partly offset the temperature effect. 
One can see that such procedure is very costly, not only because of the 
time and labor involved in manufacture, but also because of the careful 
inspection required for the welds. If careful design were employed a 
disk having a set of holes to allow just enough expansion of the rim 
could be built to do the same job for a fraction of the cost of the 
welded disk. 
Often space or other restrictions are such as to require a disk to 
be essentially of uniform thickness. In such a case a set of holes, 
properly designed, actually improves the performance of the disk, because 
"dead weight" material has been removed. 
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VI. CONCLUSIONS 
The results of this investigation lead to the following conclusions. 
1. The maximum stress in a disk with holes occurs at the edge of 
one of the holes on a radial line through a noncentral hole. 
2. The spoke effect may be employed in the analysis of such a disk 
in order to bring the calculated value of the critical stress 
in the outer aimulus up to its actual value. 
3. The stresses at the critical points throughout the disk can 
be reliably and easily calculated by means of the method intro­
duced in this thesis. 
4. In the case where a disk has a central hole, introduction of 
noncentral holes creates local stresses which are of the order 
of magnitude of the stress at the central hole. 
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VII. RECOMMENDATIONS FOR FURTHER INVESTIGATION 
It is felt that the introduction of the "spoke effect" makes possible 
new approaches to the solutions for various types of rotating disks. The 
present work does not pretend to be exhaustive, and there are many phases 
which remain to be investigated. 
One of these is the effect of the reduction in the centrifugal 
force caused by the absence of the hole material. The distribution of 
the spoke stresses needs to be investigated. More experimental work on 
profiles which are other than conical needs to be done. An interesting 
profile would be one which is essentially uniform inboard of the non-
central holes and is tapered outboard. 
More theoretical analysis should be done. It is possible that, anal­
ogous to the stress function, or warping function, used in the torsion 
problem (15, pp. 153-159) a spoke effect function could be developed for 
the rotating disk problem. 
Cases where the holes are not symmetrically spaced should be 
investigated, as should the case where two or more circles of holes 
exist. Hetenyi (8) has already made some investigations along these 
lines. 
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VIII. NOMENCLATURE AND SYMBOLS 
The following terms and symbols are used in this thesis. 
Uniform disk, a disk of constant thickness, with or without holes. 
Solid disk, a disk with no holes. 
Filled disk, a given disk modified so that all noncentral holes are filled 
in. 
Complete disk, a given disk modified so that all holes are filled in and 
the taper is extended to form a knife-edge. 
Positive taper, thickness is greater toward the center of the disk. 
Negative taper, thickness is less toward the center of the disk. 
gross circumferential area at the center line of the noncentral 
holes divided by number of such holes. 
cross-sectional area of a substitute spoke. 
r 
o 
constants. , 
diameter of a complete disk, inches. 
width of calibration member, inches. 
modulus of elasticity, tension or compression, psi. 
base of natural logarithms. 
material fringe value, psi shear per fringe inch. 
modulus of elasticity in shear, psi. 
center-line thickness of disk. 
thickness of disk at radius r. 
subscript, inner boundary. 
sp 
C, c 
D 
d 
E 
e 
f 
G 
H 
h 
i 
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k = a constant. 
1 = length of substitute spoke, inches. 
sp 
m = an integer index. 
n = fringe order in a photoelastic specimen, 
o = subscript, outer boundary. 
P = calibration load, pounds. 
p = radial stress in filled disk, psi. 
pc ) 
p^  ) = radial stress components for complete disk, psi. 
P2 ) 
q = tangential stress in filled disk, psi. 
qc > 
q^  ) = tangential stress components for complete disk, psi. 
q2 ) 
R = radius of complete disk, inches. 
r = a general radius, inches. 
= tangential stress in undrilled disk, psi. 
$2 = radial stress in undrilled disk, psi. 
s = stress substitute spoke, psi. 
sp 
T 
" = " 
t = 1 - x, inches. 
u = displacement in radial direction, 
v - displacement in tangential direction. 
x = — . 
R 
57 
2e-est • 
partial derivative symbol. 
additional extension of substitute spoke, 
unit strain, tension or compression. 
unit strain, shear. 
stress function. 
central angle on face of disk, degrees or 
Poisson's ratio. 
mass density of material, slugs per cu ft. 
mass density of steel, slugs per cu ft. 
radial stress, psi. 
radial stress at a hole center-line, 
tangential stress, psi. 
Te, • 
tangential or radial shear stress, psi. 
angular speed of disk, radians per second. 
58 
IX. LITERATURE CITED 
Armstrong, James H. An investigation of the performance of a modified 
Tesla turbine. Unpublished M.S. Thesis. Atlanta, Georgia, 
Georgia Institute of Technology Library. 1952. 
Barnhart, K. E., Jr., Hale, A. L. and Meriam, J. L. Stresses in 
rotating disks due to noncentral holes. Society for Experi­
mental Stress Analysis Proceedings. 9, No. 1: 35-52. 1951. 
Bisshop, K. E. Stress coefficients for rotating disks of conical 
profile. Journal of Applied Mechanics. 66: A1-A9. 1944. 
Chree, C. The stresses and strains in isotropic elastic solid 
ellipsoids in equilibrium under bodily forces derivable from 
a potential of the second degree. Proceedings of the Royal 
Society of London, Series A, 58: 39-59. 1895. 
Donath, M. Die Berechnung rotierender Scheiben und Ringe. Berlin, 
Julius Springer. 1912. (Original not available for examination; 
cited in Dingiers polytechnisches Journal. 338: 217. 1923.) 
Frocht, Max Mark. Photoelasticity. Vol. 1. New York, N. Y., John 
Wiley and Sons, Inc. 1941. 
Grammel, R. Ein neues Verfahren zur Berechnung rotierender Scheiben. 
Dinglers polytechnisches Journal. 338: 217-219. 1923. 
Hetenyi, Miklos Imri. The application of hardening resins in three 
dimensional photoelasticity. Journal of Applied Physics. 
10: 295-300. 1939. 
Kumar, S. and Joga Rao, C. V. Investigation of stresses around a 
hole in thin rotating disks of hyperbolic and parabolic profiles. 
Journal Indian Institute of Science, Sect. B, 35: 93-102. 1953. 
Lee, T. Chiang. On the stresses in a rotating disk of variable 
thickness. Journal of Applied Mechanics. 52: 263-266. 1952. 
Manson, S. S. Determination of elastic stresses in gas-turbine disks. 
National Advisory Committee for Aeronautics. Report No. 871: 
241-251. 1949. 
. The determination of elastic stresses in gas-turbine disks. 
National Advisory Committee for Aeronautics. Technical Note No. 
1279. 1947. 
59 
13. Martin, H. M. Stress distribution in rotating disks of conical profile. 
Engineering. 115: 1-3, 115-116, 407, 630. 1923. 
14. Mindlin, R. D. Stresses in an eccentrically rotating disk. London, 
Edinborough, and Dublin Philosophical Magazine, Series 7, 26: 
713-719. 1938. 
15. Murphy, Glenn. Advanced mechanics of materials. New York, N. Y., 
McGraw-Hill Book Company, Inc. 1946. 
16. Newton, R. E. A photoelastic study of stresses in rotating disks. 
Journal of Applied Mechanics. 62: A57-A6O. 1940. 
17. O'Neill, John J. Prodigal genious. Binghamton, N. Y., Vail-Ballou 
Press, Inc. 1944. 
18. Saito, Hideo. On the stresses in statical and rotating circular 
plates having symmetrically placed eccentric holes (in Japanese), 
Transactions Japan Society of Mechanical Engineers. 20 (7) 95: 
473-478. 1954. (Original not available; abstracted in Applied 
Mechanics Reviews. 8: 234. 1955.) 
19. Stodola, A. Dampf-Turbinen. Authorized translation to the second 
edition by Dr. Levis C. Loewenstein. New York, N. Y., D. Van 
Nostrand Co. 1905. 
20. Timoshenko, S. Theory of elasticity. 1st ed. New York, N. Y., 
McGraw-Hill Book Company, Inc. 1934. 
21. Udoguchi, Teruyosbi. Analysis of centrifugal stresses in a rotating 
disk containing an eccentric circular hole. Japan Science 
Review, Series 1, 1, No. 1: 55-63. 1949. 
22. Weiss, H. J. and Prager, W. The bursting speed of a rotating plastic 
disk. Journal of Aeronautical Sciences. 21: 196-200. 1954. 
60 
X. ACKNOWLEDGMENTS 
The writer wishes to express his appreciation to his Major Professor, 
Dr.'Glenn Murphy, and to the members of his Committee for their con­
sideration, interest, and helpful suggestions during this investigation. 
The writer also wishes to thank Professor W. B. Johns, Jr., of 
the Georgia Institute of Technology, for his interest and encouragement 
and for making available some of the equipment used in the experimental 
procedure. 
61 
XI. APPENDIX 
This derivation will employ the same assumptions listed at the 
beginning of Section II. 
Consider a tapered disk containing, in addition to a central hole, 
a symmetrical set of noncentral holes. Let h be the thickness at radius 
r. Further, let h be a known function of r only. This disk is to be 
rotated at constant angular speed Cl) about its own axis. Consider next 
a differential element of mass dm of the disk having dimensions which 
are essentially dr, rd& , and h. Figure 15 will aid in visualizing such 
an element. The relationships of dynamics when applied to this element 
yield the following equations: 
rhdd - (jjr + dr j ^ r + dr^  ^ h + dr ^  d 0 
+ H(h + - (7r» + ^ ST~ ia) dr (" + 4 f? dr) 
+ dr fh + % dr) — (zG* + de) 
x ^r ' 2 \ o & 
= çhu£ r2dr dô- (13) 
Tre rh (dh) . (Tro + -^ S- d,)( r + dr)d6(h + |f dr) 
dr (h + *-§7dr) 
- (2 r + T^r» dr) dr ( h + % Ak dr) — = 0 (14) 
* 5 r / \ r^ 2 
After expansion, simplification, and elimination of higher order 
derivatives these reduce to 
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Figure 15. Geometry of a tapered disk with noncentral holes. 
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+ + 4^- + - «r: -ir i ) - -  p r J  
r d Q h e)r ç) r r r v 
I y + 1 + àTre + 7re àh «, n 
r 'r© r  ^Q d r h <^ r 
Next define a stress function (j) in the following manner. 
= i M.+ 
r r ôr + r2k2 à62 
(Tg = + lAfe + /o r2o)2 
 ^2 h 37 ^7 rh dr v w 
(15) 
(16) 
(17) 
Tr Q kr2 ^^  kr Sr 
Here k is a constant the usefulness of which will appear later. When 
Equations 17 are substituted into the dynamic Equations 15 and 16, 
Equation 16 is satisfied identically, and the following requirement is 
obtained from Equation 15. 
1 à h 
A a' 
For the disk in question neither r nor 
= 0. 
c) h 
dr 
(18) 
is zero, and none of the 
quantities are infinite so this requirement becomes 
= 0
-  
< 1 9 >  
The symbol k is thus a parameter which may be adjusted to insure perio­
dicity. Should the final solution involve a summation, the substitution 
k^  = k 
introduces the index i for the summation. 
The compatibility relations in terms of the strains are 
(20) 
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6 = èjL 
r <dr 
6* = u + 1 (21) 
r r dô 
)f = lliL + lv - v . 
urô r ^  e c)r r 
Elimination of u and v from Equations 21 yields 
c)2 Éo = 1_  ^^r _ 1_  ^ + 1 c)2 ^ r& _ 1_ g)2 ^ r + 1_ à^ rô (22) 
^r2 r 5r r dr r dr de f2 ^2 r2 ^0 
Hooke's law for the plane stress condition is written next. 
^ r = ^ - ~Ç6Q ) 
= 5 ((Te - 9 6%) (23) 
r^e = è Tre' 
One recalls from the theory of elasticity that 
G  
" 2(1 
A double substitution is next made. First the definition of , 
Equations 17, are substituted into Equations 23; then the resulting 
relations are substituted into the compatibility Equation 22. After some 
collection of terms and utilization of Equation 24, the following expres­
sion is obtained. 
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à4<t> . 1 d4» ^  1 àh i>3d> ,2 à3» 2 à3<b 
^ 7  h  d r  d r 3  r  ô r 3  "  k V  à r  â e 2  
-*• ..2. ^  - .V.. àh • v au a2d> 
k2r2 ôr 3©2 kV d* i)r ô 9 2 k2hr3 3r âô2 
+ V f-JL  ^$ _ 1 /%) h\2  ^(j) _ 1 ôh c) (k 
l âr2 c) r r? ^rJ dr 
 ^1 d3h (5<t) ^  2 /dh\3 c)4) $ à3h 
h ôr3 dr h3 Ur) Jr " Â "^ 3 
+ 2È-4± - li. (1A) 3 
rh2 ^  5r2 rh3^ rJ 
- 4* c)2h . ^ ( dh\2 + 4^ •) 
,ÂTâ7%v W +Â "^v  
r2h âr «M 
+ 2(3 + V ) où =0. (25) 
Equations 19 and 25 are the differential equations which the stress 
function must satisfy for the type disk discussed in this thesis. It 
is next necessary to introduce known boundary conditions, but, with the 
equations in this form, the boundary of the noncentral hole is extremely 
awkward to handle. The writer was unable to obtain a solution of these 
equations. 
Two independent derivations were made and the results checked with 
each other; it is therefore felt that Equation 25 is reliable provided no 
violation of the original assumptions is made. 
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It should be pointed out that this equation reduces to those found 
in standard works on elasticity when certain simplifications are made. 
For instance, Timoshenko (20, p. 67) gives for a uniform disk with no 
noncentral holes 
2 
r2 + r — - F + (3 + V ) p U) 2t = 0. (26) 
d7 dr ^ 
For the case of no taper and no shear stresses Equation 25 reduces to 
"77 + '^ 7"7^7 + 77 +^2(3+9> (27) 
These relations appear at first to be different, however, if one divides 
Equation 26 by r, differentiates this result with respect to r, and 
makes the substitution 
F - l l ,  
the identity is established. 
This equation is offered in the hope that some investigator may 
find a solution for it, either in the form given here or possibly 
transformed to a more useful coordinate system. 
